We construct two models containing exactly one supercompact cardinal in which all nonsupercompact measurable cardinals are strictly taller than they are either strongly compact or supercompact. In the first of these models, level by level equivalence between strong compactness and supercompactness holds. In the other, level by level inequivalence between strong compactness and supercompactness holds. Each universe has only one strongly compact cardinal and contains relatively few large cardinals.
Introduction and Preliminaries
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began the study of tall cardinals and showed that they satisfy many interesting and fundamental properties. In particular, the existence of any number of tall cardinals (one tall cardinal, γ many tall cardinals for γ an arbitrary ordinal, or even a proper class of tall cardinals) is equiconsistent with the same number of strong cardinals, thereby showing the nontriviality of tallness. Further, in analogy to strongness, α tallness is witnessed by an extender embedding (which, without loss of generality, may be assumed to have rank below the least strong limit cardinal above α), and if δ is α tall, then δ is β tall for every β < α.
We will extend Hamkins' study of tallness to the context of level by level equivalence between strong compactness and supercompactness and level by level inequivalence between strong compactness and supercompactness. Before doing so, we first present a few additional relevant definitions. For any ordinal δ, let σ δ be the smallest measurable cardinal greater than δ. For any non-supercompact measurable cardinal δ, let θ δ be the smallest cardinal greater than δ such that δ is not θ δ supercompact. For any non-strongly compact measurable cardinal δ, let ρ δ be the smallest cardinal greater than δ such that δ is not ρ δ strongly compact. Observe that if δ is not strongly compact, then both θ δ and ρ δ are defined, and θ δ ≤ ρ δ .
Suppose V is a model of ZFC in which for all regular cardinals δ < λ, δ is λ strongly compact iff δ is λ supercompact. Such a universe will be said to witness level by level equivalence between strong compactness and supercompactness. Suppose now that V is a model of ZFC in which if δ is measurable but not supercompact, then δ is θ δ strongly compact. V is then said to witness level by level inequivalence between strong compactness and supercompactness. A non-supercompact measurable cardinal δ which is θ δ strongly compact is said to witness level by level inequivalence between strong compactness and supercompactness. For brevity, in all of these definitions, we will henceforth eliminate the phrase "between strong compactness and supercompactness." Models containing supercompact cardinals in which level by level equivalence holds were first constructed in [4] . A model with exactly one supercompact cardinal in which level by level inequivalence holds was constructed in [1] . A theorem of Magidor (see [4, Lemma 7] ) shows that if κ is supercompact, then there are always cardinals δ < λ < κ such that λ is singular of cofinality greater than or equal to δ, δ is λ strongly compact, but δ is not λ supercompact. As a consequence of Magidor's theorem, it follows that if V "Level by level equivalence holds and δ is measurable but not strongly compact", then either ρ δ = θ δ or ρ δ = (θ δ )
+ .
The purpose of this paper is to establish two results which show that it is possible to have models for level by level equivalence and level by level inequivalence containing exactly one supercompact cardinal and no other strongly compact cardinals in which each non-supercompact measurable cardinal δ is strictly taller than it is either strongly compact or supercompact. To avoid trivialities, our witnesses for tallness for δ will be inaccessible cardinals greater than ρ δ . 1 Hamkins has shown in [9, Lemma 2.1] that if δ is λ tall, then δ is (λ) δ tall. He has further shown in [9, Theorem 2.11] that if δ is λ strongly compact, then δ is λ + tall. Thus, any (fully) strongly compact cardinal must be tall. However, as the referee has pointed out, it is possible to infer from [9, Theorem 2.11] that if δ is measurable and ρ δ = λ + , then δ is strictly taller than it is strongly compact. This is since δ is (at least) λ + tall, yet δ is only λ strongly compact. If, on the other hand, ρ δ is a limit cardinal, then the proof given in [9, Theorem 2.11] will not allow us to conclude that δ is strictly taller than it is strongly compact. This is because Hamkins' argument uses that a λ strong compactness embedding actually witnesses λ + tallness, so when ρ δ is a limit cardinal, it is unclear how to find one strong compactness embedding which gives enough tallness. Whether or not there is a ZFC proof that every non-strongly compact measurable cardinal is strictly taller than it is strongly compact is an open question.
In fact, for both Theorems 1 and 2, the witnessing models will be such that every measurable cardinal δ is λ δ tall, where λ δ is the least weakly compact cardinal above ρ δ , the least Ramsey cardinal above ρ δ , the least Ramsey limit of Ramsey cardinals above ρ δ , or in general, where λ δ is any "reasonable" large cardinal provably below the least measurable cardinal above ρ δ . We will explain this in greater detail towards the end of the paper.
We now very briefly give some preliminary information concerning notation and terminology.
When forcing, q ≥ p means that q is stronger than p. If G is V -generic over P, we will abuse notation slightly and use both V [G] and V P to indicate the universe obtained by forcing with P.
We will, from time to time, confuse terms with the sets they denote and write x when we actually meanẋ orx.
The partial ordering P is κ-strategically closed if in the two person game in which the players construct an increasing sequence p α : α ≤ κ , where player I plays odd stages and player II plays even stages (choosing the trivial condition at stage 0), player II has a strategy which ensures the game can always be continued. P is ≺κ-strategically closed if in the two person game in which the players construct an increasing sequence p α : α < κ , where player I plays odd stages and player II plays even stages (choosing the trivial condition at stage 0), player II has a strategy which ensures the game can always be continued.
A corollary of Hamkins' work on gap forcing found in [7] and [8] will be employed in the proof of Theorem 2. We therefore state as a separate theorem what is relevant for this paper, along with some associated terminology, quoting from [7] and [8] when appropriate. Suppose P is a partial ordering which can be written as Q * Ṙ, where |Q| < δ, Q is nontrivial, and Q "Ṙ is δ-strategically closed". In Hamkins' terminology of [7] and [8] , P admits a gap at δ. In Hamkins' terminology of [7] and [8] , P is mild with respect to a cardinal κ iff every set of ordinals x in V P of size less than κ has a "nice" name τ in V of size less than κ, i.e., there is a set y in V , |y| < κ, such that any ordinal forced by a condition in P to be in τ is an element of y. Also, as in the terminology of [7] , [8] , and elsewhere, an embedding j :
The specific corollary of Hamkins' work from [7] and [8] we will be using is then the following.
Theorem 3 (Hamkins) Suppose that V [G] is a generic extension obtained by forcing that admits
a gap at some regular δ < κ. Suppose further that j : 
We assume familiarity with the large cardinal notions of measurability, strongness, superstrongness, strong compactness, and supercompactness. Readers are urged to consult [10] for further details. Note that we will say that κ is supercompact (or strongly compact or tall) up to the cardinal λ if κ is γ supercompact (or γ strongly compact or γ tall) for every γ < λ.
The Proofs of Theorems 1 and 2
We turn now to the proof of Theorem 1.
Proof: Suppose V "ZFC + κ is supercompact". By first forcing GCH, then forcing with the partial ordering of [4] , and then taking the appropriate submodel if necessary, we slightly abuse notation and assume in addition that V "ZFC + GCH + κ is supercompact + No cardinal is supercompact up to a measurable cardinal + Level by level equivalence holds". In particular, V "κ is the only strongly compact cardinal".
We are now in a position to define the partial ordering P used in the proof of Theorem 1.
Let A = {δ < κ : δ is a non-superstrong measurable cardinal}. P is the reverse Easton iteration of length κ which begins by adding a Cohen subset of ω and then does nontrivial forcing only at stages δ ∈ A, where it adds a non-reflecting stationary set of ordinals of cofinality ω to δ. 
Proof: Let j : V → M be an elementary embedding witnessing the λ supercompactness of δ generated by a supercompact ultrafilter over P δ (λ).
supercompact up to a measurable cardinal", λ < σ δ . Therefore, by the definition of P,
-strategically closed". In addition, because |P δ | = δ, by the Lévy-Solovay results [11] , it is the case that
This means that j(P δ ) = P δ * Q, where the first ordinal at whichQ is forced to do nontrivial forcing is well above λ. A standard argument now shows that
.
3
This completes the proof of Lemma 2.1.
Suppose λ > κ is regular. Let j : V → M be an elementary embedding witnessing the λ supercompactness of κ generated by a supercompact ultrafilter over P κ (λ). Since V "No cardinal is supercompact up to a measurable cardinal", V "There are no measurable cardinals above κ".
Thus, V "λ is not measurable". The proof of Lemma 2.1 consequently shows that j lifts in V P as before to j :
. It therefore follows as an immediate corollary of the proof of Lemma
2 The precise definition of this partial ordering may be found in either [4] or [2] . We do wish to note here, however, that it is ≺δ-strategically closed. Also, whenever δ is inaccessible, this partial ordering has cardinality δ. 3 An outline of this argument is as follows. Let G 0 be V -generic over P δ . The same method as found, e.g., in the construction of the generic object 
No cardinal is supercompact up to a measurable cardinal".
Proof: Suppose δ ≤ λ are such that V P "δ is α supercompact for every α < λ and λ is measurable". By its definition, we may write P = P * Ṗ , where |P | = ω, P is nontrivial, and P "Ṗ is ℵ 1 -strategically closed". Therefore, by Theorem 3, it must be the case that V "δ is α supercompact for every α < λ and λ is measurable" as well. Since this is contradictory to our hypotheses about V , this completes the proof of Lemma 2.2. Note that from its definition, P is mild with respect to δ. Thus, by the factorization of P (as P * Ṗ ) given in Lemma 2.2 and Theorem 3, V "δ is λ strongly compact". Since level by level equivalence holds in V , V "δ is λ supercompact" as well. Further, it must be the case that 
. Because this lifted embedding will witness the λ tallness of δ in V P δ and λ was arbitrary, this will prove Lemma 2.4.
Let G 0 be V -generic over P δ . Since N "δ is not measurable", only trivial forcing is done at stage δ in N P δ in the definition of i(P δ ). Thus, we may write i(P δ ) = P δ * Q As it will be the case that
and the proof of Lemma 2.4 will be complete.
To construct G 1 , note that since k is generated by the ultrafilter U over δ, by GCH in V , M , and N , V "|k(δ 
To construct G 2 , we first write j(P δ ) = P δ * Ṙ . This is given by τ ∈ T iff τ is a term in the forcing language with respect to P δ * Ṙ 1 and P δ * Ṙ 1 "τ ∈Ṙ . The situation is given by the commutative diagram 
Note now that since N is the ultrapower of M via the normal measure U ∈ M over δ, [5 
This completes the proof of Lemma 2.4.
Proof: As in the proof of Lemma 2.4, we may assume without loss of generality that δ < κ. In addition, as in the proof of Lemma 2.3, P is mild with respect to δ. Therefore, by the factorization of P (as P * Ṗ ) given in Lemma 2.2 and Theorem 3, if V P "δ is α strongly compact", then V "δ is α strongly compact" as well. Consequently, since δ < κ, (ρ δ ) V is defined, and (ρ δ )
By Lemma 2.4 and its proof, V P "There is an inaccessible cardinal λ δ > ρ δ such that δ is λ δ tall". This completes the proof of Lemma 2.5. Having completed the proof of Theorem 1, we turn now to the proof of Theorem 2.
Proof: Suppose V "ZFC + GCH + κ < λ are such that κ is λ supercompact and λ is the least inaccessible cardinal above κ + Level by level equivalence holds". Without loss of generality (but with a slight abuse of notation), we assume that κ is the least cardinal which is γ supercompact for some inaccessible cardinal γ > κ. This immediately implies that no cardinal δ < κ is either supercompact or strongly compact up to a measurable cardinal (and in fact, that no cardinal δ < κ is either supercompact or strongly compact up to the second inaccessible cardinal above it).
Let B = {δ < κ : Either δ is a non-superstrong measurable cardinal or δ is not supercompact up to the least inaccessible cardinal above it}. The partial ordering P used in the proof of Theorem Proof: Let j : V → M be an elementary embedding witnessing the λ supercompactness of κ generated by a supercompact ultrafilter over P κ (λ). As in the proof of Lemma 2.1, note that M "κ is superstrong". Therefore, by the definition of P and the fact that M "λ is the least inaccessible cardinal greater than κ and κ is supercompact up to λ", j(P) = P * Q, where the first ordinal at whichQ is forced to do nontrivial forcing is well above λ. The same arguments as used in the proof of Lemma 2.1 now show that j lifts in V P to a λ supercompactness embedding
. This completes the proof of Lemma 2.6.
Using Lemma 2.6 and reflection, we may now let κ 0 < κ be the smallest cardinal such that Since λ 5 An outline of this argument is as follows. Let k : M → N be an elementary embedding generated by a normal measure U ∈ M having trivial Mitchell rank. The elementary embedding i = k•j witnesses the λ strong compactness of δ in V . As in the proof of Lemma 2.4, this embedding lifts in V P δ to an elementary embedding i :
witnessing the λ strong compactness of δ. This is shown by writing i(P δ ) = P δ * Q 1 * Q 2 , taking G 0 to be V -generic over P δ , and building in V [G 0 ] generic objects G 1 and G 2 for Q 1 and Q 2 respectively. The construction of G 1 is the same as that found for the generic object G 1 in the proof of Lemma 2.4. The construction of G 2 first requires building an M -generic object G * * 2 for the term forcing partial ordering T associated withṘ 2 and defined in M with respect to P δ * Ṙ 1 . The current G * * 2 is built using the fact that since M λ ⊆ M , T is ≺λ-strategically closed in both M and V , which means that the diagonalization argument employed in the construction of G 1 may be applied in this situation as well. k G * * 2 now generates an N -generic object G * * * 2 for k(T) and an
2 as in the proof of Lemma 2.4. This means that i lifts in
was an arbitrary regular cardinal below the least V P δ -inaccessible cardinal above δ, the proof of Lemma 2.7 has consequently been completed. Since |P δ | = δ in the above proofs, the results of [11] imply that for any ordinal γ in the open interval (δ, σ δ ), the least weakly compact cardinal above γ, the least Ramsey cardinal above γ, the least Ramsey limit of Ramsey cardinals above γ, or in general, any large cardinal provably in the open interval (γ, σ δ ) for which the results of [11] hold are the same in V and V P δ . It is for this reason, together with the fact that P δ "Ṗ δ is ≺(σ δ ) V -strategically closed and (σ δ )
that the witnessing models for Theorems 1 and 2 have each non-supercompact measurable cardinal δ exhibit λ δ tallness for λ δ the least weakly compact cardinal above ρ δ , the least Ramsey cardinal above ρ δ , the least Ramsey limit of Ramsey cardinals above ρ δ , etc. On the other hand, our methods of proof seem to require ground models with a severely restricted large cardinal structure (although the same proof techniques will allow, e.g., the definition of λ in Theorem 2 to be changed to the least weakly compact cardinal above κ, thereby giving a model witnessing the conclusions of Theorem 2 with a slightly richer large cardinal structure). We conclude by asking if it is possible to remove these restrictions, and obtain results analogous to those of this paper in which the large cardinal structure of the universe can be arbitrary.
